We numerically investigate the spatiotemporal dynamics of a circular flow mode in a ring array of BoseEinstein condensates, which consists of M identical Bose-Einstein condensates that couple to the nearestneighbor sites by tunneling. Introducing a rotational potential in the Gross-Pitaevskii equation, a series of circular flow modes is resonantly excited. For the initial conditions with uniform density and one-round phase difference of 2ᐉ ͑l =0,1, . . . , M −1͒, two circular flow modes are excited for each circulation-quantized number l. It is shown that these circular flow modes periodically appear in time in the presence of the rotational field and persistently survive with a constant shape even after the external potential is removed, the transitions between the circular flow modes with different quantized number l can be realized by applying the phaseimprinting optical pulses, and the rotational velocity of the circular flow mode can be continuously modulated by adiabatically tuning the scattering length in a magnetic field, i.e., by use of the Feshbach resonance.
I. INTRODUCTION
Quantum dynamics in a periodic lattice is one of the oldest problems of quantum mechanics, whose basis was settled by Bloch [1] and Zener [2] , around 1930. Aimed at a description of the electron motion in crystalline lattices, this problem has been considered for about half a century as an academic one, because dissipation effects forbid the observation of most quantum effects in the motion of a crystalline electron. Laser cooling of atoms has brought a revival of interest in such problems, as it produces atoms whose de Broglie wavelength is comparable to the wavelength of the light interacting with the atoms. Light potentials generated by standing waves have been used in many experimental studies of quantum dynamics. For example, Bloch oscillations have been observed both with single atoms [3] and with a BoseEinstein condensate [4] in an accelerated standing wave. Wannier-Stark ladders [5] and collective tunneling effects [6] have also been studied with such systems.
The annular geometry for the quantum physics is paradigmatic for studying the nature of superfluidity [7] , vortex rings [8] , quantized circulation [9] , and superconductivity. The construction of traps with arbitrary spatial patterns is now possible by lithography [10] . Recently, Trombettoni et al. [11] have extended the analysis of the propagation of plane waves across a segment with defects in a onedimensional chain [12] to an annular geometry. By using a discrete nonlinear Schrödinger equation (DNLSE), they discussed the on-site defect effect in different regimes such as the complete reflection and refocusing of the initial wave, solitonic structure, and a superfluid state.
The aim of this paper is to investigate spatiotemporal dynamics for a system of M condensates in a circular array of Bose-Einstein condensates (BEC's), with tunneling allowed only between neighboring condensates. Recently, the excitation spectra of circular flow state have been analytically studied by Paraoanu [13] . In this paper, we intend to investigate the spatiotemporal dynamics of the circular flow modes, which are not derived from the analytical expressions in Ref. [13] , and their interactions by introducing time-dependent applied fields and time-dependent phase-imprinting fields in the Gross-Pitaevskii equation.
Although our study is done in the context of BEC physics, it is applicable to ubiquitous discrete problems such as nonlinear lattices of condensed matter [14] , array of Josephson junctions [15] , localized modes in electrical lattices [16] , and to fiber optics [17] .
II. BASIC MODEL
We consider M identical small condensates with tunneling allowed only between neighboring condensates. All numerical results presented in this paper are those obtained for M = 20. When the height of the interwell barriers of the periodic potential are much higher than the condensate chemical potential, the evolution of the quantum particles can be well described by DNLSE which is derived from the GrossPitaevskii equation [11, 12, 18, 19] :
where C j ͑t͒ is the probability amplitude of finding the BEC atoms on site j͑j =1,2, ... , M͒ at time t , j represents the site energies and proportional to any external field superimposed on the lattice, is the nearest-neighbor hopping ͑or tunneling͒ term, and ⌳ is the nonlinear coefficient. Since we consider the annular lattice geometry, we have to make the replacements C 0 = C M and C M+1 = C 1 . The normalized particle number on site j is given by n j = ͉C j ͉ 2 and the total number of the particle in the lattice ring is maintained unity, i.e., ͚ j=1 M n j = 1. Note that Eq. ͑1͒ is invariant with respect to the transformations
We introduce a rotating potential superimposed on the ring-array potential with the form of j = f j ͑t͒ = cos͓t −2s͑j −1͒ / M͔ and s runs from 1 to M − 1, where is the amplitude, the angular frequency of the applied field, and s the number of modulation cycles of one round of the ring array. We call the applied field with s = 1 the fundamental field and this field exhibits a static-tilted potential to the ringarray system for =0.
We numerically solve Eq. (1) for the initial condition which satisfies a periodic boundary condition and uniform distribution of the particle in the ring array, i.e., C j ͑0͒ = e ij⌬ / ͱ M with ⌬ =2ᐉ / M ͑ᐉ =1,2, ... , M −1͒. We call the integer ᐉ the circulation-quantized number and hence one round phase shift in the ring is given by 2ᐉ. The initial phase j⌬ at site j can probably be produced by a technique known as the phase-imprinting method, which was originally proposed and used to create vortices [20] .
III. FIELD-INDUCED CIRCULR FLOW MODES

A. Fundamental rotational field "s =1…
Here, we consider the particle distribution in the ring array under the influence of the fundamental field. First we consider the dynamics of the ring array of BEC to a tilted field, which is being the applied field with = 0. Figures 1(a) and 1(b), respectively, show the tilted-field induced modes for the circulation-quantized numbers ᐉ = 0 and ᐉ = 1 with a small amplitude of the tilted potential, i.e., / = 0.001. Each curve corresponds to the particle density n j = ͉C j ͉ 2 as a function of the dimensionless time t. The lowest (highest) curve corresponds to n 1 ͑n 20 ͒. They are successively shifted by 0.1.
For ᐉ = 0, the quantum particles first climb up the slope of the potential, then fall down, and so on, resulting the periodic oscillations between the top (around site 1) and the bottom (around site 11) of the ring array. These coherent particle oscillations could be called Bloch oscillations in an annular ring. Many theoretical and experimental studies concerned with the Bloch oscillations in the tilted linear chain lattices have been reported so far [3] [4] [5] 21 ] but as far as we know there is no report about those in the annular structures. On the other hand, for ᐉ = 1, the tilted-field induced pattern of the particle distribution shows periodic ripples that indicate a beat signal consisting of two rotational modes.
In order to confirm this, we rotate the tilted field with the angular frequency . As expected, the tilted-field induced modes are resonantly enhanced when the frequency of the applied field is equal to one of their eigenfrequencies. We show such circular flow modes in Figs The numerical result shows that two circular flow modes are excited by the fundamental field for each circulationquantized number ᐉ. We define the notation of the resonant frequencies as s,ᐉ ± . In Fig. 2 , the resonant frequencies 1,ᐉ ± / against the nonlinear parameter ⌳ / are plotted for ᐉ =0 Fig. 2 , are respectively given by the symmetric patterns of those for ᐉ =4-0 with respect to the axis of ⌳ / = 0. Furthermore, the mode spectra for ᐉ =11-15 ͑M /2Ͻ ᐉ ഛ 3M /4͒ are given by those for ᐉ =5-9 symmetric about the axis of / =0. So it should be noted that for ᐉ =6-14 the symmetry-breaking (SB) instabilities occur even for the repulsive interatomic interactions. This is not the case for the continuous torus presented in Ref. [9] , where the SB occurs only for the attractive interactions. Also, the mode spectra for ᐉ =16-19 ͑3M /4Ͻ ᐉ Ͻ M͒ become those for ᐉ =4-1 symmetric about the axis of / =0. This result contains the many interesting features to be noted. In the absence of the nonlinearity ͑⌳ / =0͒, the upper (lower) branch of the resonant frequency for the quantized number ᐉ coincides with the resonant frequency of the lower On the other hand, decreasing the ⌳ / to the negative side (attractive interatomic interactions), the frequency difference ⌬ ᐉ decreases and finally the two frequencies 1,ᐉ + and 1,ᐉ − appear to converge at a degenerate point. These features are derived from the analytical results in Ref. [13] and should be compared with those obtained for the continuous torus case (Fig. 7 in Ref. [9] ) which becomes qualitatively identical for M → ϱ.
Further, we can see that the maximum rotational frequency in the absence of the nonlinearity is 1,5 ± = 0.62, and when the ⌳ / is increased the upper modes 1, 3 + and 1,4 + exceed this value at ⌳ / = 0 and ⌳ / Ϸ 1.9, respectively, but their amplitudes gradually decrease. This result may contain the same physics as in our previous paper [21] , in which we have investigated the enhancement of quantum tunneling due to the nonlinear interactions in the coupled two BEC's.
In Fig. 2 , we also show the theoretical result with solid lines, which are calculated with the analytical expressions obtained by Paraoanu [Eqs. (20) and (21) in Ref. [13] ]. The coincidence between the numerical result and the analytical one is excellent. Here we note the correspondence of the parameters used in Ref. [13] with those in this paper: the tunneling coefficient t → , the number of modulation cycle of the applied field k → s, the circulation-quantized number q → ᐉ, the on-site energy w → ⌳ / N, and the eigenvalue E k ͑±͒ ͑q͒ → s,ᐉ ± . In Figs. 3(a)-3(c symmetry-breaking (SB) instability [19, [22] [23] [24] . The large squares in Fig. 2 This periodic appearance of the circular flow is very similar to those obtained in the presence of the rotational fields (see Fig. 1 ).
We should emphasize that the positions of the peaks and valleys of the modes are definitely fixed with respect to the time t and their positions of the next appearing signal have opposite phase ( out of phase). Increasing the nonlinear parameter to the negative side, the period of the appearance becomes shorter but the rotational velocity of the circular flow seems to be maintained as a constant value. These facts strongly suggest that the periodically appearing circular flow modes are due to the interference (beat) of the two excited states with different resonant frequencies. It is well known that the beat signal between two states, A cos͑ − ␦ /2͒t and A cos͑ + ␦ /2͒t, is given by 2A cos͑␦t /2͒cos t, where A is the amplitude, ␦ the frequency difference of two modes, and the central frequency. Applying this relation to the periodically appeared modes, the central frequency and the mode frequencies ± ␦ / 2 reduced from the beat signals are also shown in Fig. 2 with bold lines and small squares, respectively. As increasing the nonlinear parameter to the negative side beyond these bold lines, the particle distributions begin to show strong chaotic behavior. (20) and (21) in Ref. [13] . So the maximum resonant frequency / is obtained for s =10 ͑ 10,0 + ͒. The velocity, which does not derive from the analytical results given in Ref. [13] , becomes maximum at s =7 ͑ 7,0 + ͒, being about 4.5 times much larger than that of the fundamental circular flow mode ͑ 1,0 + ͒ and then decreases for s =8-10 irrespective of increase of the resonant frequency. Here, we should note that the velocity of the circular flow mode for s =1 ͑ 1,0 + ͒ is proportional to the resonant frequency even if the value of ⌳ / is changed. The velocity for s 1 is, however, not proportional to the resonant frequency. As seen in Fig. 6 , the velocity enhancement by increasing the nonlinearity becomes maximum for s = 1 and gradually decreases as the value of s increases. While for the negative (attractive interaction) nonlinearity for ⌳ / = −2, both the resonant frequency and the velocity decrease compared to those for ⌳ / = 0. For s =1, the symmetry-breaking instabilities make it difficult to determine the resonant frequency. So we omit this point in Fig. 6 . The important result derived from Fig. 6 is that the velocity of the circular flow modes is not necessarily proportional to the resonant frequency. This means that the circular flow modes do not synchronize with the rotational field and cause phase slipping against the applied rotational field.
IV. OTHER PROPERTIES OF THE CIRCULAR FLOW MODE
A. Persistent currents
Here we show that the circular flow modes persistently survive after the applied field is removed. The persistent evolution of the modes shown in Fig. 7(a) is obtained for s =1 and ᐉ =2 ͑ 1,2 + ͒ with ⌳ / = 0. The fundamental field (s =1, / = 0.442, and / = 0.002) is applied for 5 ഛ t ഛ 150 (indicated by a rectangle on the axis t) which resonantly enhances the mode of 1, 2 + during the existence of the field. Even after the applied field is removed, we can clearly see that the circular mode persistently survives maintaining its shape and velocity. This means the persistent current of the BEC atoms in the ring. For the case of negative nonlinearity ⌳ / = −1, the short duration ͑5 ഛ t ഛ 20͒ of the applied field (s =1, / = 0.340, and / = 0.002) induces the periodic appearing circular flow modes. It should be noted that the circular flow mode gradually grows even after the applied field is removed [see Fig. 7(b) ]. These circular flow modes are similar to those obtained for the SB region studied in Sec. III A. Although the persistent current in Fig. 7(a) has a constant amplitude after the external field is removed, that shown in Fig. 7(b) exhibits periodic oscillations of the amplitude even after removing the external field. This behavior seems that the short duration of the applied field induced asymmetry in the ring-array system and then time development of the system induced the SB instability, i.e., it may be called field-assisted SB.
B. Modulation of circular flow mode by Feshbach resonance
Let us study the dynamics of the circular flow mode when the nonlinear parameter ⌳ / is adiabatically changed. Ex- perimentally, this can be done by tuning the scattering length in a magnetic field, i.e., by means of the Feshbach resonance. In Figs. 8(a) and 8(b) , we respectively show such dynamics of the modes 1,0 + and 1,1 − , which have the same resonant frequency / = 0.097 at ⌳ / = 0. In order to excite the circular flow modes, the external field is applied for 20ഛ t ഛ 170. After that, the nonlinear parameter ⌳ / is adiabatically varied from zero to 30 with the form of 15͕1 + tanh͓͑t − 400͒ / 100͔͖. The increase of the rotational velocity according to the increase of the ⌳ / can be clearly seen in Fig. 8(a) . Also, we can see that for large ⌳ / , the circular flow modes exhibit definite nature of the dark soliton with the flat background and sharp valley, while for the mode 1,1 − , the mode velocity first decreases and then changes the sign of the rotational direction because the mode frequency crosses the zero as seen in Fig. 2. 
C. Transitions between different circular flow modes by phase-imprinting pulses
The transitions between the modes with different circulation quantized number, i.e., s,ᐉ ± and s,ᐉ+r ± , are realized by applying the phase-imprinting optical pulses, which have a pulse area of j⌬ =2jr / M for site j, to the ring array. In Figs. 9(a) and 9(b) , we show such behavior. First we apply the resonant rotational field (s =1, / = 0.283, and / = 0.004) for 5 ഛ t ഛ 155 at ⌳ / = 0. The resonant enhancement of the circular flow mode 1,1 + can be seen during the existence of the applied field. The phase-imprinting pulses, which have the pulse area of 2j / M [ Fig. 9(a) ] or 36j / M [ Fig. 9(b) ] are imposed on the lattice ring at t = 160 with a form of sech͕͑t − 160͒ / 0.03͖. We can clearly see the sudden velocity change of the circular flow mode due to the transition from 1,1 + to 1,2 + in Fig. 9 (a), while in Fig. 9 (b) the velocity reversal is due to the mode transition from 1,1 + to 1,18 + . It should be noted that the transition from 1,1 + to 1,18 + is also realized by the phase-imprinting pulse with the area of 4͑M − j͒ / M because 1, 18 + is equivalent to 1,−2 + . The mode transitions by the phase-imprinting pulse are also realized for the circular flow modes induced by the higher-order ͑s ജ 2͒ fields.
V. CONCLUSIONS
We have numerically investigated the spatiotemporal dynamics of the circular flow modes in a ring array of BoseEinstein condensates. When a sinusoidally modulated rotating field is superimposed on the ring potential and its frequency is resonant to that of one of the eigenmodes of the system, the circular flow modes are resonantly excited in the ring array. For the periodic boundary conditions, two circular flow modes are excited for each circulation-quantized number. It is also shown that the circular flow modes persistently survive even after the external field is removed, transitions between the excited modes are realized by applying the phase-imprinting optical pulses, and the circulation velocity could be continuously modulated by adiabatically changing the nonlinear parameter. 
